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UDC 536.24 : 532.546 

An approx imate  analyt ical  solution is obtained for  the p rob lem of s teady heat  exchange in a 
moving l aye r  in the p resence  of heat  and m a s s  sources  in the gas s t r e a m .  A n u m e r i c a l -  
analyt ica l  method is developed for  the solution of the p rob lem of nonsteady heat  exchange of 
a l aye r  by convection or  radia t ion with the s imul taneous  act ion of different  dis turbing f ac to r s .  

Heat  exchange in a l aye r  moving with var iab le  veloci ty  r e p r e s e n t s  a genera l  case  of l aye r  heat  ex-  
change,  since a s ta t ionary  l aye r  can be cons idered  as moving with ze ro  veloci ty .  A method of solving 
p rob lems  of heat  exchange in a s t a t ionary  l aye r  based  on the use  of a genera l  solution of the equation of 
t h e r m a l  conduction was examined in [1]. This method is applied below to p rob lems  of heat  exchange in a 
moving l ayer  fo rmula ted  in genera l  f o rm .  

F i r s t  let  us examine the s teady mode of heat  exchange between a l aye r  of m a s s i v e  bodies of the 
s imp le s t  shape and an opposing gas s t r e a m  in which sources  of m a s s  and heat  ac t .  

The effect  of m a s s  sources  is e x p r e s s e d  in var ia t ion  in the flow ra te  of gas along the length of the 
l aye r .  The flow ra te  of the gas and the power  of the heat  sources  a re  given in the fo rm of a r b i t r a r y  func- 
tions of the t ime the body s tays  in the oven or  of its coordinate  re la t ive  to the entrance to the oven. The 
heat  losses  a r e  propor t ional  to the ave rage  t e m p e r a t u r e  of the gas in the oven. We neglect  heat  conduction 
along the l aye r .  

The init ial  s y s t e m  of equations and the boundary conditions have the following form:  

equation of heat  conduction 

Ot (r, Fo) 02l(r , Fo) j_ v Ot (r, Fo) 
, ( 1 )  

OFo 02r r Or 

equation of t he rm a l  balance of the gas s t r e a m  

boundary conditions 

7(Eo) = 7(Fo) [T (Fo) - -  11 -+- Q (Fo) - -  • Fo, 

all ~ ~=o ~rrl,= l = B i l T ( F o ) - t ( 1 , F o ) ] ;  a/ = 0 ;  

F o = 0 ,  t = t  ~ T = I ;  

( 2 )  

(3) 

( 4 )  

t s ----/s o " tg--7 o ar ~R 
l -  ~ - - ~ ,  T--  o - o ;  F o - - - - "  B i = - - "  

g - -  s l g - - t s  --  R 2' ~ . '  

r = b ' ;  7(Fo) = Vg (Vo) cg ;  Q (Fo) q (Fo) . 
0 - - 0  ' 

R Vscs  Vscs (tg-- ts) 

:~' = ~ tcal ,-~- t ~ fli/~2P 
0 --0 2(tg--ts) s 
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The gene ra l  so lu t ion  of E q .  (1) with the condi t ion  that  the gas  t e m p e r a t u r e  is s o m e  funct ion of the 
t ime is wel l  known [2, 3] 

Fo 

t : T - - ~ A ( ~ x , ~ ,  r)exp(--bt~Fo)[lq-.f22exp(bt~co)do~ ] 
n=l  0 

-k Z A' (>~, r, t ~ exp (--  ~ Vo). (5) 
n = l  

Since in the m a j o r i t y  of c a s e s  the p r o c e s s e s  of hea t ing  of the subs tance  in the mov ing  l a y e r  a r e  comple ted  
when Fo  > 0 .5 ,  in the so lu t ion  of (5) we confine o u r s e l v e s  to the f i r s t  t e r m s  of the s u m s .  An e x p r e s s i o n  
for  the a v e r a g e - m a s s  t e m p e r a t u r e  of the body follows f r o m  (5): 

F =  T .... B (~) exp ( - -  >2Fo) 1 -}- ~ exp (,u2m) &o 

-k B' (Ix, t ~ exp ( - -  ~,~Fo). (6) 

The roo t  # of the c h a r a c t e r i s t i c  equat ion  and the coef f ic ien ts  A, A ' ,  13, and 13' a r e  known f r o m  the so lu t ion  
of the equa t ion  of t h e r m a l  conduct ion  fo r  a s ingle  body with boundary  condi t ions  of the th i rd  kind and a r e  
p r e s e n t e d  in the l i t e r a t u r e  [2]. 

Le t  us d i f fe ren t i a te  (6) with r e s p e c t  to Fo:  

Fo 

{ ] dF~- -- d Fo ~ ~" B exp (_~,2 Fo) 1 -k ~ exp (,u%) do~ 
0 

- -  B' exp (_~2 Fo)} --  B ddTFo (7) 

Us ing  (6) we t r a n s f o r m  Eq.  (7) to the f o r m  

d)- dT 
dFo - d ~ -  -~- ~ t 2 ( T - - ~ - - B  dT = d Fo (8) 

B a s e d  on the fac t  that  Eq .  (8) m u s t  sa t i s fy  the condi t ion (2), we a r r i v e  a t  a d i f fe ren t ia l  equat ion  re1- 
a t ive  to the gas  t e m p e r a t u r e  

dT 
i M (Fo) T = N (Fo), (9) 

d Fo 

fo r  which the g e n e r a l  i n t eg ra l  has  the f o r m  

Fo Fo Fo 

0 0 0 

(10) 

d7 ~ ., d~,, dQ }- ~,'t, ~---Qlx--,- • -r•  ~tt Fo 
d Fo d Fo d Fo 

M =  ; N =  y - - l @ B  y - - 1 . - B  

The a v e r a g e - m a s s  t e m p e r a t u r e  of the body is d e t e r m i n e d  f r o m  the condi t ion (2) while the t e m p e r a t u r e  at  
any point  th rough  the th ickness  can be found f r o m  the fol lowing equat ion,  obtained th rough  subs t i tu t ion  
f r o m  (6) into (5): 

t (r, Fo) = T 4- ~ ([-- T) AB' - -  A'B exp (--~t~-Fo). (11) 
' B 

If t o = cons t  in the condi t ion  (4) then a c c o r d i n g  to [2] we have A'  = At  ~ 13' = 13t ~ and the l a s t  t e r m  in (11) 
is r e d u c e d  to z e r o .  

Le t  us examine  a p a r t i c u l a r  ca se  of the so lu t ion  (10) which is c h a r a c t e r i s t i c  fo r  cont inuous ovens 
with mul t izone  hea t ing ,  in which the s o u r c e s  of m a s s  and hea t  a r e  c o n c e n t r a t e d  at  the junct ions  of the 
zones  and can be e x p r e s s e d  by s t ep  funct ions :  
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p p--1 

? = Z ~'* [1 - -  q~ ( F o  - -  Fo~)]; Q = ~ ?i ( T i n  - -  1) (p (Fo - -  Fo~); 
i=1  i ~ [  

(12) 

ttere Tin = ( tca l - - t~176 Ti = (Vgicg/Vscs) ,  and ~0 is the unit function [4]. 

In accordance  with the p rope r ty  of the unit function 

dFo ?~6(F~176 dFo Yi (Tin 1)6(Fo--Foi), 
i=1  i=1  

6 is the Di rac  delta function. 

(13) 

After  subst i tut ion of (12) and (13) into (10) and integrat ion,  the following r e c u r r e n t  equation is obtained 
fo r  the gas t e m p e r a t u r e  a t  the end of the n- th  zone of the oven counted f r o m  the loadings i te  of the ma te r i a l s :  

T.  = T,,_I exp (--S~) + E~. (14) 

P 

With the condition ~ "Yi ~ i 

i~n 

E~ = exp [--D (Fo~ - -  F%_01 [ C -~- ?"-1Tin i • DF~ -- 1 
P P 

i~ tz  i ~ t t  

?"-~ + D F%; 
P 

1 -- E ? ~ - - B  
i=tZ 

- - C - - •  DFo,~--I ; S,~ 
P 

g ~ n  

L, 

P 

; D=~.t ~ 
P P 

P 

With ~ ~i = 1 

+ 

E~ = - -  Fo~_l ) 
2B 

p n--I  

~t2 ~ ?~ __ ~2 ~ YiTi n .... yn_lTi n 
~=t ~=l (Fo,~ - -  Fo,~_I); S ~  = - -  % - 1  

B B 

Final ly,  taking T = const ,  Q = 0, and >t' = 0 in (10) we obtain a solution for  s teady counterflow without 
sources  of heat  and m a s s  in the gas: 

T = - - ~ ?  ~- exp =- - - - - - -~  Fo for  ?@ 1, 
? - - I  

(15) 

T 1 I ~ t2F~ for  y 1. 
B 

The resu l t s  of calculat ions f r o m  Eq.  (15) and f rom cer ta in  exact  solutions [5, 6] a l m o s t  coincide for  Fo 
> -0 .2 .  

Let  us cons ider  a genera l  case  of nonsteady l a y e r  heat  exchange.  Suppose there  is an infinitely long 
l a y e r  of m a s s i v e  bodies of the s imp le s t  shape (Fig.  1) moving with a var iab le  veloci ty  v. We will neglect  
heat  conduction along the l aye r .  At the s t a r t ing  t ime of the p roce s s  the oven is located with the l aye r  at 
the en t rance .  It is valid to a s s u m e  that  the l aye r  r ema ins  s ta t ionary  while the oven moves  along it in the 
opposite d i rec t ion with the given veloci ty  v. The heat ing of the substance  will  take place in the sect ion 
Sten d < St < Sts ta  of the l aye r  which is in the oven at a given t ime .  The heating is comple ted  in the s e g m e n t  
0 < St < Stend and has not ye t  s t a r t ed  in the region St > S t s t  a .  The t ime during which the oven covers  a 
dis tance equal  to S t s t  a will be cal led the heating delay t ime at  a given sect ion of the l aye r  (Td). If the total  
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Fig. i .  Model of heating of a movIng layer of solid bodies in a 
pass-through oven. 

dura t ion  of the p r o c e s s  is r '  then the hea t ing  t ime of the subs tance  a t  a given sec t ion  of the l a y e r  is equal  
to r = T ' - - r  d.  Within  the oven  the gas m o v e s  a long the l a y e r  with ve loc i ty  w. The gas ve loc i ty  r e l a t ive  to 
the l a y e r  is u = v i w (the upper  s ign  fo r  eounter f low and the l ower  s ign fo r  d i r e c t  flow). In p r a c t i c e  w 
>> v and t h e r e f o r e  i t  can  be  a s s u m e d  that  u ~ w and the flow ra te  of the gas is d e t e r m i n e d  by its absolu te  
ve loc i ty .  The r a t e  of m o v e m e n t  of the subs t ance  and the t e m p e r a t u r e  of the subs tance  and gas at  the oven  
e n t r a n c e  a r e  a r b i t r a r i l y  v a r i e d  with t ime .  Sou rce s  of m a s s  and hea t  a c t  in the g a s .  The flow ra t e  of the 
gas  and the power  of the hea t  s o u r c e s  a r e  given in g e n e r a l  f o r m  as a funct ion of the t ime and the coord ina te  
a long the length of the l a y e r .  The ini t ial  t e m p e r a t u r e  of the subs tance  is s o m e  funct ion of the coord ina t e s  
th rough  the th ickness  of the body and a long  the length of the l a y e r .  The hea t  l o s s e s  a r e  a f ixed funct ion of 
the gas  t e m p e r a t u r e .  

The m a t h e m a t i c a l  f o r m u l a t i o n  of the p r o b l e m  c o m e s  down to the fol lowing s y s t e m  of equat ions  and 
bounda ry  condi t ions :  

Ot(r, Fo, St) _02t(r ,  Fo, St) v Or(r, Fo, St) .  
, (16) 0 Fo O~r r Or 

o 

t(1 Fo, S~ T F St) z(Fo', St) OT . • _ Q ,  , , - -  ( o, = - g ~ - >  (r) (Fo', St); ( 1 7 )  

at ator ,=,= Bi [T-- t (1 ,  Fo, St)l ;-~r t=o = 0; (18) 

F o = 0 ,  t = t  ~ St) , ] 
fo r  d i r e c t  flow St = S t s t  a T = Tin (Fo),  l; (19) 

for  coun te r f low St = Sten d T = Tin (Fo)J 
F o '  

Ststa = .l v (Fo ' )dFo ' ,  Stend=0, if  S t s t a ~ L 0  
o (20) 

S l e n d = S t s t a - - L  0, if S t s t a>L0  

. 

The d i m e n s i o n l e s s  values  in E q s .  (16)-(20) a re :  t = t s / t e a l ;  T = t g / t ca l ;  Fo '  = a t ' /R2 ;  Fo  = Fo '  
- - a rd /R2 ;  Bi = oR/X;  St = a f / V m a x C g ;  z = V g ( F o ' ,  S t ) /Vmax;  v ( F o ' )  = d S t / d F o ' ;  L 0 = a f a c t / V m a x C g ;  
Q' = q' (Fo ' ,  S t ) / a t c a l .  The g e n e r a l  so lu t ion  of Eq .  (16) has the f o r m  [1] 

co 

= ~ exp (--rl= Fo), t(r, Fo, St) T(Fo, S t ) - -  [A(r, ~ , , ) G ~ - - A '  (r, I%., z~)] 2 

FOOT 
G,~ -- T (0, St) -[- .( ~ exp (blent0) do; 

6 

(21) 

at  the su r f ace  of the body 

c~ 
t (1, Fo, St) = T (Fo, St) -- ~ [A (1, b~,,) G,,--A'  (1; ,u,~, t~ exp(--b~Fo). (22) 

By r equ i r i ng  that  the l a t t e r  equat ion sa t i s fy  the condi t ion (17) we obtain an equat ion fo r  the gas tern-  
p e r a t u r e  in the moving  sec t ion  of heat ing:  

aT = Q ' - - •  bt,~)G,~--A'(1 ~n, t~176 (23) 
os--7 

n = l  
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T h e  a n a l y t i c a l  s o l u t i o n  of  E q .  ( 2 3 ) e v e n  f o r  a s t a t i o n a r y  l a y e r  a n d  z = c o n s t  [1] i s  u n s u i t a b l e  f o r  c a l -  
c u l a t i o n s .  I t  is  s o l v e d  m o s t  c o n v e n i e n t l y  u s i n g  a n  e l e c t r o n i c  c o m p u t e r .  

L e t  us  c o n v e r t  to  f i n i t e  d i f f e r e n c e s  w i th  r e s p e c t  to  t i m e  (ZXFo) a n d  the  l e n g t h  of  the l a y e r  (ZXSt): 

Fo~ = kAFo, Stm = mASt,  Fore+l, k = Fo~ ard, m+~ 
R= , 

w h e r e  k = 0 , 1 , 2  . . . .  ; m = 0 ,  1, 2 . . . ;  

St sta, h 
Ststa, h = v~AFo, msta, h - -  ASt  ' 

mend, k = 0  f o r  Ststa, ~-%Lo; 

L~ fgr: Ststa. k > L,. mend, h = msta, h k S t  

A s  a r e s u l t  of  the  f i n i t e - d i f f e r e n c e  a p p r o x i m a t i o n  of  E q s .  (17) a n d  (21) we o b t a i n  c a l c u l a t i n g  e q u a t i o n s  f o r  
the  t e m p e r a t u r e s  of  the  g a s  a n d  the  s u b s t a n c e  a l o n g  the  l e n g t h  of  the  i n t e r v a l  m e n d ,  k < m < m s t a , k  of the  
l a y e r :  

oo 

'~  2 
t (r),~+1, ~ = Tin+l, ~-1 - -  ~ A (r, /*~)[T (0, St~+l) exp ( - -  p,,,Fo,~+I, k) 

t t = l  

oo 

0 2 
-F h,~+l, k-l,  ,,] ~ A' (r, bt~, t,n+t ) exp ( - -  bin F%,+h j ;  (24) 

n = t  

T,,,, 1,z,., I, -k ASt  [tsur. m+. u - -  • (Tin, h) -b Q~,. k] 
T,~+~, ~ - -+- zXSt ' (25) 

2rm,  h 

w h e r e  hm+~, ~, n = h,,>l, h -~ , .  exp ( - -  I,,~AFo) ~,- Tin+l, 

- -  T,~+t, h4);  

f o r  Fore+l, I ~ : 0  hm+l, h, n : 0 "  

H e r e  a n d  l a t e r  the  i n d i c e s  c o r r e s p o n d  to c o u n t e r f l o w .  F o r  d i r e c t  f low the i n d e x  m + 1 is  c h a n g e d  to m - - 1 .  
T (0,  S t  m +1),  the  g a s  t e m p e r a t u r e  a t  the  m o m e n t  of  l o a d i n g  the  m + 1 - t h  e l e m e n t  of the  l a y e r  in to  the  o v e n ,  
i s  d e t e r m i n e d  f r o m  {25). If one t a k e s  F o  m + 1, k = 0 t hen  T m + l , k  = T ( 0 ,  S t m + t i ,  h e n c e  i t  f o l l o w s  t h a t  

Tin, " " ' h S t  o , , ~4,., h ~- It sur. ,,,+1 - - z  (r.+, h) -~- q~, 1,1 
T (0, St,.,,+z ) = (26) 

z,~, h .:'-- kS t  

In the  c a s e  of  d i r e c t  f low T (0, S t m + J  = T i n , k  f o r  a l l  e l e m e n t s  of  the  l a y e r .  The  a v e r a g e - m a s s  t e m p e r a -  
t u r e  of  the  body  c a n  b e  found  f r o m  E q .  (24) b y  r e p l a c i n g  the  c o e f f i c i e n t s  A a n d  A '  in  i t  b y  B a n d  B ' ,  r e s p e c -  
t i v e l y .  In the  c a l c u l a t i o n  of  the  h e a t i n g  of  p r e p a r a t i o n  in  a c o n t i n u o u s  c o u n t e r f l o w  o v e n  w i th  m u l t i z o n e  
h e a t i n g  ( s e e  F i g .  1) one  m u s t  t a k e  in E q s .  (24) - (26)  

P 

z,,~, I, = ~/~.z% ~r (S tm- -S t s t a ,  1~ @ L~); 

, Tin, h -  Tin, h p 
~/PI, k - -  Z zi, h [ + ( S t . , - - S t s t a ,  - -  Li) h 

L0A St ~=1 

- - q ~ ( S t m - - A S t - - S t s t a ,  ~ '-- L~)]; 

A (r, u,~) = 2sinF,~cos(~t,~r), tg~ = ctg~,,Bi; 
ff,~ -F s in t ~cc,stb, 

B = 

I 

i o 21a~ cos (%r) t o (r),,~+l cos (u,f) dr; A'(r, p,~, tin+,)= 
[4~ + sin ~,~ cos~,  

0 

1 

2sin2 F,~ , B' = _2_ sin .... u f t o (r), ~1 cos (~tnr) dr. 
I.t~ (~,~ + sin ~t,~ cos ~t~) rh, -F sin~t~ cos P n J  ' 

0 

1 1 9 0  



Equations (24)-(26) remain  unchanged in application to a s ta t ionary layer .  Since the oven must  be filled 
with the substance f rom the very  s ta r t  of the heating, for  all the elements  of the s ta t ionary layer  within the 
oven rd,  m +1 = 0 and Fom +1, k = F~ = kAFo. The numer ica l - -ana ly t ica l  method presented for  the solution 
of the general  problem of nonsteady-layer  heat exchange can  be applied to the heating of a layer  by radia-  
tion. For  this we introduce a co r rec t ion  for  the radiant heat flux in Eqs .  (17) and (18): 

z(Fo', St) ~ T  --_ l (1, Fo, St) - -  T' (Fo, St) --  • (T) + Q' (Fo', St); (17') 
OSt 

0 4 . :Bi[T'(Fo,  St)-- t(1,  Fo, Sl)], (18') 
{ I f  

where 

errata1 4 ~ St)--t~(1, Fo; St)], T'(Fo, Sf )=t (1 ,  Fo, St) ~---~---[T (F,,, 

t ts , T tg (27) = - -  -- , cz = const # 0. 
teal tcal 

The value of a is chosen a rb i t r a r i ly .  In the calculating equation (24) the values denoted by the le t ter  T are  
changed respect ively  to T ' .  The gas tempera ture  is determined f rom Eq. (17'), which af ter  the finite- 
difference approximation takes the form 

A St ~tacal T4 
Tin+l, k. ~ .~+I, ~ = Tin, h 

g.m. , k Cs 

,~s< r o'l~al 4 r ~, (Tin, ~) jQ: , ,  ~] - - -  - -  tsur ~+I, ~ ~- �9 (28) 
Zm, 1{ L 

On the basis of the equations obtained an a lgo l -p rog ram was developed and calculations were conducted on 
a Minsk-22 computer  for  the tempera ture  fields of the gas and substance during nonsteady heat exchange 
by convection and radiation in application to a continuous oven. 

N O T A T I O N  

t s, tg: tempera ture  of substance and gas;  t~, t~: same at the s t a r t  of heating; T: ave r age  mass  
tempera ture  of body; tcai: ca lo r ime t r i c  tempera ture  of fuel combustion; v = 0, 1, 2 for a plate, cylinder,  
and sphere,  respect ively;  R: thickness of bodies compris ing  the layer ;  y: coordinate of a point through 
the thickness of the body; , :  heating time of mater ia l ;  a: thermal  diffusivity; X: thermal  conductivity; 
p: density; ~: heat  exchange coefficient; ~: radiation coefficient; Cg: specific heat capacity of gas;  Vg: 
cur ren t  flow rate of gas;  Vmax: flow rate of gas at maximum thermal  power of oven; Vses:  water  equiv- 
alent of substance;  ~: coefficient of heat t r ans fe r  f rom gas to surrounding medium: ~ ' :  function of heat 
loss to surrounding m e d i u m ; f l i  : surface of oven lining per  unit mass  of substance; q: power of heat 
source;  q ' :  power of heat source per  unit heating surface;  p: number  of zones of oven; i: ordinal  number 
of zone; Foi: dimensionless  time of movement  of body f rom oven entrance to end of i- th zone; Tin: gas 
tempera ture  at oven entrance;  Vgi: flow rate of gas through burners  of i - th zone; Ststa, Stend; cu r ren t  
coordinates of s t a r t  and end of oven along length of layer;  L0: dimensionless length of oven; f :  heating 
surface f rom entrance of layer  to any c ross  section; f a c t :  a rea  of active oven hearth;  k: ordinal number  
of time interval;  m: ordinal number  of e lement  along length of layer;  e:  unit function; tsur:  surface 
tempera ture  of body; Z d , m + l :  delay time for  heating of m + l~th element  of layer .  
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